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Linking electroweak and gravitational generators
John Fredsted∗
Soeskraenten 22, Stavtrup, DK-8260 Viby J., Denmark
Using complexified quaternions, an intriguing link between generators of two different and surpris-
ingly commuting four-dimensional representations of the SU (2) × U (1) Lie group, and generators
of two four-dimensional spin 1
2
representations of the Spin (3, 1) Lie group is established: the former
generators completely determine the latter ones, and cross-combined they constitute two different,
but closely related, four-dimensional representations of Spin (3, 1)× SU (2)×U(1). These represen-
tations are used to construct a Spin (3, 1) × SU (2) × U(1) gauge invariant Lagrangian, containing
two four-spinors consisting not as usual of Weyl two-spinors of opposite helicity and equal weak
isospin, but instead of Weyl two-spinors of opposite weak isospin and equal helicity, a construction
which arises naturally from the mathematical formalism itself. A possible future generalization,
using complexified octonions, is discussed.
I. INTRODUCTION AND MAIN RESULT
The quest for unification of the fundamental forces
of Nature began with the unification of electricity and
magnetism, by Maxwell, resulting in the electromagnetic
force [1]. A century later this force was united with
the weak nuclear force, resulting in the electroweak force
[2]. Even though there have been promising theoretical
propositions of unification of this force with the strong
nuclear force, none of these have been experimentally
verified. Gravity [3] is in its very own category, stub-
bornly refusing to join the quantum-party of unification,
the currently most promosing, though highly speculative,
theoretical proposition being string/M-theory [4, 5].
This article makes no claim of any unification. More
modestly, it is the purpose of this article to point out,
and utilize, an intriguing link between generators of
two different and surprisingly commuting, see Eq. (5),
four-dimensional representations of the SU (2) × U(1)
Lie group (relevant for the electroweak force), and gen-
erators of two four-dimensional spin 1
2
representations
of the Spin (3, 1) Lie group (relevant for the interac-
tion, described in terms of a minimal spin connection,
of the gravitational field and spinor fields): the for-
mer generators completely determine the latter ones, see
Eq. (8), and cross-combined they constitute two differ-
ent, but closely related (by complex conjugation), four-
dimensional representations of Spin (3, 1)×SU(2)×U(1),
see Sec. III C. Mathematically, this link between gen-
erators is (most directly) established using complexified
quaternions, also called biquaternions. Physically, this
link is established by grouping together in two four-
spinors not the usual Weyl two-spinors of opposite he-
licity and equal weak isospin, but instead Weyl two-
spinors of opposite weak isospin and equal helicity, a con-
struction which arises naturally from the mathematical
formalism itself. The main result of the article is the
Spin (3, 1) × SU (2) × U(1) gauge invariant Lagrangian,
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Eq. (14).
No formal introduction to the quaternions will be
given, the reader kindly being referred to for instance
Refs. [6, 7]. Neither will any formal introduction to
the (complexified) octonions, or the even more general
composition algebras, be given, the reader kindly being
referred to the literature: For short reviews of the oc-
tonions, see Refs. [8, 9, 10, 11]. For a comprehensive
review of the octonions, see Ref. [12]. For a monograph
on octonions and other nonassociative algebras, see Ref.
[13]. In particularly, for a monograph on composition
algebras, a class to which both the complex quaternions
and complex octonions belong (note that they are not
division algebras, even though the quaternions and the
octonions themselves are), see Ref. [14].
The paper is organized as follows: Sec. II introduces
the necessary notation and conventions used. Sec. III
sets up the main machinery needed. Sec. IV contains the
main result of the paper; the Spin (3, 1)× SU (2)×U(1)
gauge invariant Lagrangian, Eq. (14). Sec. V discusses
various notable features of this Lagrangian, and points
to a future generalization, using complexified octonions.
There are two appendices: Appendix A contains various
useful identities valid for any composition algebra, a class
to which both the complexified quaternions and complex-
ified octonions belong. Appendix B contains the proofs
of most of the assertions of Sec. III.
II. NOTATION AND CONVENTIONS
The set of complexified quaternions is denoted C⊗H,
equal to H⊗C because the complex numbers C and the
quaternions H are assumed to commute. The imaginary
unit of C is denoted i, obeying i2 = −1, of course. The
imaginary units of H are denoted ei = (e1, e2, e3), obey-
ing eiej = −δij + εij
lel, where εijk is the Levi-Civita
symbol with ε123 = +1. The basis for C⊗H (over C) is
taken as ea = (e0, ei) = (i, ei).
Latin indices from the beginning of the alphabet run
from 0 to 3, and are raised and lowered with ηab and
ηab, respectively, ηab being the Minkowski metric. Latin
2indices from the middle of the alphabet, beginning at
i, run from 1 to 3, and are raised and lowered with δij
and δij , respectively. Greek indices run from 0 to 3, and
are raised and lowered with gµν and gµν , respectively,
gµν being the metric of curved spacetime. The Einstein
summation convention is adhered to throughout.
Let ca ∈ C. Complex conjugation is the involution
·∗ : C ⊗ H→ C∗ ⊗ H defined by (caea)
∗
= −
(
c0
)∗
e0 +(
ci
)∗
ei, and quaternionic conjugation is the involution
· : C ⊗ H→ C ⊗ H defined by caea = c
0e0 − c
iei. Note
that e∗a = −ea.
The bilinear inner product 〈·, ·〉 : (C⊗H)
2
→ C is de-
fined by
2 〈x, y〉 = xy + yx ≡ xy + yx. (1)
Note that 〈ea, eb〉 = ηab.
The set of n-dimensional square matrices over some
field F is denoted M (n,F). The n-dimensional iden-
tity matrix is denoted 1n, and the n-dimensional matrix
with zero entries only is denoted 0n. The socalled ’eta-
transpose’ ·η : M (4,C)→ M(4,C) is defined by
Aη = ηATη,
where η is the Minkowski metric as a matrix; (η)
a
b =
ηab = η
ab. In terms of this ’eta-transpose’, the two
(anti)commutator-like [even though they do not have all
the properties of the usual (anti)commutator] brackets
[·, ·]η± : M (4,C)→ M(4,C), are defined by
[A,B]η± = A
ηB±BηA.
III. SETUP
For analytical proofs of various assertions of this sec-
tion, see Appendix B.
A. Generators of SU (2)× U(1)
Define the matrices ΓL|a,ΓR|a ∈ M(4,C) by
(
ΓL|a
)
cd
= 〈ec, eaed〉 , (2a)(
ΓR|a
)
cd
= 〈ec, edea〉 , (2b)
where L and R refer to whether ea is multiplied from the
left or the right. They obey (note the mixed positions of
L and R)
Γ∗L|a = −ΓR|a, Γ
∗
R|a = −ΓL|a, (3a)
ΓTL|a = +ΓR|a, Γ
T
R|a = +ΓL|a, (3b)
Γ†
L|a = −ΓL|a, Γ
†
R|a = −ΓR|a. (3c)
Also, they obey the Lie algebra (where X denotes either
L or R, a shorthand notation frequently used below)
−2εij
kΓL|k =
[
ΓL|i,ΓL|j
]
, (4a)
+2εij
kΓR|k =
[
ΓR|i,ΓR|j
]
, (4b)
04 =
[
ΓX|0,ΓX|i
]
, (4c)
so that iΓL|a and iΓR|a (note the i’s) each constitute her-
mitian generators of two different, but closely related (by
complex conjugation), four-dimensional representations
of SU (2)× U(1). In fact, due to the surprising relation
(which originally prompted this research)
04 =
[
ΓL|a,ΓR|b
]
, (5)
they constitute two commuting representations.
Furthermore, they obey the anticommutator-like rela-
tion
2ηab14 =
[
ΓX|a,ΓX|b
]
η+
≡ Γη
X|aΓX|b + Γ
η
X|bΓX|a, (6)
which is the reason for the choice of ’Γ’ as the designat-
ing letter, ΓL|a and ΓR|a being reminiscent of the usual
Clifford gamma matrices.
B. Generators of Spin (3, 1)
Define the matrices ΣL|ab,ΣR|ab ∈M(4,C) by
4i
(
ΣL|ab
)
cd
= 〈eaec, ebed〉 − 〈eaed, ebec〉 , (7a)
4i
(
ΣR|ab
)
cd
= 〈ecea, edeb〉 − 〈edea, eceb〉 , (7b)
where L and R refer to whether ea and eb are multiplied
from the left or the right. They are related to ΓL|a and
ΓL|b by the commutator-like relations
4iΣX|ab =
[
ΓX|a,ΓX|b
]
η−
≡ Γη
X|aΓX|b−Γ
η
X|bΓX|a. (8)
They obey (note the mixed positions of L and R)
Σ∗L|ab = −ΣR|ab, Σ
∗
R|ab = −ΣL|ab, (9a)
ΣTL|ab = −ηΣL|abη, Σ
T
R|ab = −ηΣR|abη, (9b)
Σ†
L|ab = +ηΣR|abη, Σ
†
R|ab = +ηΣL|abη. (9c)
Also, they obey the Lie algebra
i
[
ΣX|ab,ΣX|cd
]
= ηacΣX|bd − ηadΣX|bc
− ηbcΣX|ad + ηbdΣX|ac, (10)
so that ΣL|ab and ΣR|ab constitute generators of two
different, but closely related (by complex conjugation),
four-dimensional spin 1
2
representations of Spin (3, 1), be-
cause 1
2
ΣL|ijΣL|ij =
1
2
ΣR|ijΣR|ij =
3
4
14.
3C. Generators of Spin (3, 1)× SU (2)× U(1)
Eq. (5) implies that
04 =
[
ΓL|a,ΣR|cd
]
, (11a)
04 =
[
ΓR|a,ΣL|cd
]
. (11b)
In conjunction with Eq. (5), these relations imply that
(note the crossing of the L and R sectors)ΣL|cd and ΓR|a
together, and ΣR|cd and ΓL|a together constitute two
different, but closely related (by complex conjugation),
four-dimensional representations of Spin (3, 1)×SU(2)×
U(1).
D. Generators of SO (3, 1)
Define the matrices ΣV |ab ∈M(4,R) by
i
(
ΣV |ab
)
cd
= ηacηbd − ηadηbc. (12)
They obey the exact same Lie algebra as do ΣL|ab and
ΣR|ab, i.e., the Lie algebra given by Eq. (10) with
ΣX|ab replaced by ΣV |ab, so they constitute genera-
tors of the vector representation of SO (3, 1), because
1
2
(
ΣV |ijΣV |ij
)
kl
= 2 (13)kl.
The matrices ΓX|a and ΣX|ab are related to ΣV |ab by
the relations
−
(
ΣV |ab
)c
dΓ
X|d = Σ†
X|abΓ
X|c − ΓX|cΣX|ab, (13a)
+
(
ΣV |ab
)d
cΓX|d = Σ
†
X|abΓX|c − ΓX|cΣX|ab. (13b)
E. Transformations and invariants
Define the matrices ΛL,ΛR ∈ M(4,C) and ΛV ∈
M(4,R) by
ΛL = exp
(
−
i
2
θabΣL|ab
)
,
ΛR = exp
(
−
i
2
θabΣR|ab
)
,
ΛV = exp
(
−
i
2
θabΣV |ab
)
,
where θab = −θba ∈ R. From Eq. (9) it straightforwardly
follows that
Λ∗L = ΛR, Λ
∗
R = ΛL,
ΛTL = ηΛ
−1
L η, Λ
T
R = ηΛ
−1
R η,
Λ†L = ηΛ
−1
R η, Λ
†
R = ηΛ
−1
L η.
Remark Note that under transposition, ΛL and ΛR
surprisingly behave exactly as does ΛV , which obeys
ΛTL = ηΛ
−1
V η, the relation responsible for the invariance
of the line element in the special theory of relativity.
From Eqs. (13) it follows that
(ΛV )
a
bΓ
X|b = Λ†XΓ
X|aΛX ,(
Λ−1V
)b
aΓX|b = Λ
†
XΓX|aΛX .
These relations imply, that if ψX are two four-spinors
transforming as ψ′X = ΛXψX under a Lorentz trans-
formation, then ψ†XΓ
X|a∂aψX are invariants, because ∂a
transforms as ∂′a =
(
Λ−1V
)b
a∂b, and ψ
†
LηψR and ψ
†
RηψL
(note the surprising appearance of η) are invariants.
IV. LAGRANGIAN
Consider the Lagrangian (note the explicit appearance
of η in the mass terms)
L = Ψ†
(
eµaΓ
L|aDL|µ m
∗η
mη eµaΓ
R|aDR|µ
)
Ψ+ h.c., (14)
where (note for the inner interactions GinnerX|µ the crossing
of the L and R sectors)
DX|µ = 14∂µ +G
outer
X|µ +G
inner
X|µ ,
GouterX|µ =
1
2
ωµ
abΣX|ab,
GinnerL|µ =
i
~
gtLW
i
µ
(
iΓR|i
)
+
i
~
g′
2
yLBµ
(
iΓR|0
)
,
GinnerR|µ =
i
~
gtRW
i
µ
(
iΓL|i
)
+
i
~
g′
2
yRBµ
(
iΓL|0
)
.
The fields are: An eight-spinor field ΨT ≡
(
ψTL , ψ
T
R
)
, a
vierbein field eaµ and its associated minimal spin con-
nection ωµ
ab = gρσeaρ∇µe
b
σ, see Ref. [2, Sec. 31.A],
and SU (2) and U (1) gauge fields W iµ and Bµ, respec-
tively. The constants are: Two real masses m1,m2 ∈ R
combined into a complex mass m ≡ m1 + im2, coupling
constants g and g′ for SU (2) and U (1), respectively, and
charges tX and yL for SU (2) and U (1), respectively,
where tX = 0 corresponds to an SU (2) singlet, and
tX =
1
2
corresponds to an SU (2) doublet. The factor
1
2
in connection with g′ is present to be consistent with
conventions [15, p. 428].
Due to the results of Sec. III, the Lagrangian is
Spin (3, 1) × SU (2) × U(1) gauge invariant, and it de-
scribes an eight-spinor field Ψ coupled to the external
fields ωµ
ab, and W iµ and Bµ.
Remark In Eq. (14), hermitian conjugation h.c. effec-
tively applies to only the terms of the Lagrangian arising
from 14∂µ and G
outer
X|µ , because the terms arising from
Ginner
X|µ are hermitian due to Eqs. (3c) and (5), and the
mass terms that couple ψL and ψR are each others her-
mitian conjugate.
4V. DISCUSSION
A notable feature of the Lagrangian, Eq. (14), is that
the ΓX|a’s appearing in front of the (covariant) deriva-
tives, as do the usual Dirac gamma matrices, also ap-
pear, although crossed in the L and R sense, in Ginner
X|µ as
SU (2)×U(1) generators. Is that profound?
Define the matrices PX|e,PX|ν ∈ M(4,C) by (note the
sign difference between the L and R sectors)
PL|e = −
i
2
(
ΓR|0 − ΓR|3
)
,
PL|ν = −
i
2
(
ΓR|0 + ΓR|3
)
,
PR|e = −
i
2
(
ΓL|0 + ΓL|3
)
,
PR|ν = −
i
2
(
ΓL|0 − ΓL|3
)
.
They obey P2
X|e = PX|e and P
2
X|ν = PX|ν , and 14 =
PX|e + PX|ν and 04 = PX|ePX|ν = PX|νPX|e, so they
are projection operators in the L and R sector, respec-
tively. Because of Eqs. (4c) and (5), PL|e and PL|ν
commute with all terms in DL|µ except the terms arising
from ΣL|ab, and ΓR|1 and ΓR|2. Analogously for PR|e
and PR|ν . So, in the light of Eqs. (4a)-(4b) the matrices
PX|e and PX|ν may be considered weak isospin projec-
tion operators, a fact from which their subscripts e and
ν, referring to the electron and neutrino, respectively, are
derived from. Furthermore, because of the sign difference
between the L and R sectors, most importantly (other-
wise the mass terms would couple the different isospin
components) they obey
04 = PL|eηPR|ν = PL|νηPR|e,
04 = PR|eηPL|ν = PR|νηPL|e.
Therefore, defining the four four-spinors ψX|e = PX|eψX
and ψX|ν = PX|νψX , the mass terms of the Lagrangian
may be written as
Re
(
m∗ψ†
L|eηψR|e
)
+Re
(
m∗ψ†
L|νηψR|ν
)
.
What significance, if any, is there to the explicit appear-
ance of η, comparing it with the usual 2D-block diagonal
γ0 in the mass term of the Dirac Lagrangian? Could the
non-2D-block diagonal form of η, singling out one of four
components, be connected with the missing component
of the neutrino? And generally, is it any improvement
that the usual Dirac projection operators 1
2
(14 ± γ5) are
not present?
On a more speculative note, what happens when the
complexified quaternions, here considered, is (almost
irresistibly) generalized to the complexified octonions?
Mathematically, there are some very compelling reasons
for such a generalization:
1. The set of complexified quaternions is a natural
subset of the set of complexified octonions, as the
former can be embedded into the latter in numerous
ways.
2. The proofs of Appendix B, with the sole exception
being the proof of Eq. (5), which relies on asso-
ciativity, a property the octonions does not have,
carry over without any change for matrices ΓX|A
and ΣX|AB (replacing ΓX|a and ΣX|ab considered
in this article) defined by
(
ΓL|A
)
CD
= 〈eC , eAeD〉 ,(
ΓR|A
)
CD
= 〈eC , eDeA〉 ,
and [generators of the spinor representations of
Spin (7, 1)]
4i
(
ΣL|AB
)
CD
= 〈eAeC , eBeD〉 − 〈eAeD, eBeC〉 ,
4i
(
ΣR|AB
)
CD
= 〈eCeA, eDeB〉 − 〈eDeA, eCeB〉 ,
where eA = (i, eI) ∈ C ⊗ O is a basis for the
complexified octonions: eI are the seven imaginary
units of O, obeying eIeJ = −δIJ + ψIJ
KeK , where
ψIJK are the octonionic structure constants, see
for instance Refs. [8, 9, 10, 11]. Of course, vari-
ous other replacements must be made, for instance
replacing η ∈ M(4,R) by the eight-dimensional
Minkowski metric η8 ∈ M(8,R). Might the re-
quirement of associativity in the proof of Eq. (5),
which holds for the complexified quaternions, but
not for the complexified octonions, be the explana-
tion for the four-dimensionality of spacetime, some-
how forcing a C⊗H-fibration of C⊗O?
3. The quaternions and octonions share a unique
property, although not utilized in this article:
They allow the definition of triple cross products
XL, XR : (C⊗ D)
3
→ C ⊗ D (where D denotes ei-
ther H or O) by
3!XL (x, y, z) = x (yz − zy) + cyclic perm,
3!XR (x, y, z) = (xy − yx) z + cyclic perm.
The cross products XL and XR possess both
the orthogonality property and the (generalized)
Pythagorean property [6],
0 = 〈X (x1, x2, x3) , xi〉 ,
det (〈xi, xj〉) = 〈X (x1, x2, x3) , X (x1, x2, x3)〉 ,
where the suppressed subscript means that the re-
lations apply to both L and R. Trilinear cross
products possessing both these properties exist only
over algebras of real (or complex) dimension 4 or 8,
see Refs. [6, 16], the underlying reason being the
existence of precisely the division algebras H and
O.
4. The seemingly insignificant relation
εabcd = i 〈X (ea, eb, ec) , ed〉 ,
5links duality in four-dimensional spacetime, as con-
trolled by εabcd, with two natural structures of the
(complex) quaternions, the inner product and the
cross product, as defined above. This relation may
be straightforwardly generalized to
χL|ABCD = i 〈XL (eA, eB, eC) , eD〉 ,
χR|ABCD = i 〈XR (eA, eB, eC) , eD〉 ,
where χL|ABCD and χR|ABCD are nonequal be-
cause of the nonassociativity of the (complexified)
octonions. These structure constants χL|ABCD and
χR|ABCD allow for the definition of self-duality in
eight-dimensional spacetime of rank two tensors:
TAB =
i
2
λXχX|ABCDT
CD.
It can be shown that the eigenvalues are λL ∈
{+1,−1/3} and λR ∈ {−1,+1/3}. In the quater-
nionic case the eigenvalues are±1, as is well-known.
Is the appearance of ±1/3 in the octonionic case
somehow related to fractional (hyper)charges of the
quarks?
It is the hope that some or all of these issues will be
resolved in the near future.
APPENDIX A: IDENTITIES
The following Lemma lists some useful identities for
composition algebras, a class to which the complexified
quaternions belong, see for instance [13] or [14]. Note,
though, that the normalization of the inner product in
[13] and [14] differ by a factor of 2. The normalization
used in Eq. (1) is the normalization used in [13]. How-
ever, [14] is mentioned because its overall presentation is
clearer than that of [13], and as such may be valuable to
the reader.
Lemma (See [13] or [14]) The following identities
hold for any composition algebra:
〈x, y〉 ≡ 〈y, x〉 , (A1)
〈x, y〉 ≡ 〈x, y〉 , (A2)
and
〈x, yz〉 ≡ 〈yx, z〉 , (A3)
〈xy, z〉 ≡ 〈x, zy〉 , (A4)
and
x (yz) + (yx) z ≡ 2 〈x, y〉 z, (A5)
(xy) z + (xz) y ≡ 2 〈y, z〉x. (A6)
APPENDIX B: PROOFS
Throughout this section the identities of the Lemma of
Appendix A will be used without being explicitly referred
to. Although the equations being proved below could rea-
sonably simply be checked by explicit numerical calcula-
tion, by first calculating explicitly the four-dimensional
matrices ΓL|a and ΓR|a, and ΣL|ab and ΣR|ab, using Eqs.
(2) and (7), the main purpose of presenting analytical
proofs is that the majority of these as stated, the sole
exception being the proof of Eq. (5), apply to any com-
position algebra, and therefore in particular to both the
complexified quaternions and the complexified octonions.
1. Proof of Eq. (3)
By direct calculation, using e∗a = −ea and ea = −δabe
b,
respectively:
(
Σ∗L|a
)
cd
=
[(
ΣL|a
)
cd
]∗
= 〈ec, eaed〉
∗
= 〈e∗c , e
∗
ae
∗
d〉
= −〈ec, eaed〉 = −〈ec, edea〉 = −
(
ΣR|a
)
cd
,
and
(
ΣTL|a
)c
d = δ
ce
(
ΣL|a
)f
eδfd = δ
ce
〈
ef , eaee
〉
δfd
=
〈(
−δdfe
f
)
, ea (−δ
ceee)
〉
= 〈ed, eae
c〉
= 〈ede
c, ea〉 = 〈e
c, edea〉 =
(
ΣR|a
)c
d.
The remaining assertion, Eq. (3c), readily follows from
the matrix identity M† ≡ (M∗)
T
≡
(
MT
)∗
.
2. Proof of Eq. (5)
Using the completeness relation 〈x, ea〉 〈e
a, y〉 ≡ 〈x, y〉:
[
ΣL|a
]c
e
[
ΣR|b
]e
d = 〈e
c, eaee〉 〈e
e, edeb〉 = 〈eae
c, edeb〉 ,[
ΣR|b
]c
e
[
ΣL|a
]e
d = 〈e
c, eeeb〉 〈e
e, eaed〉 = 〈e
ceb, eaed〉 .
These two expressions are equal because the (com-
plexified) quaternions are associative (a property which
breaks down when generalizing to complexified octo-
nions) so that
〈eae
c, edeb〉 = 〈e
c, ea (edeb)〉
= 〈ec, (eaed) eb〉
= 〈eceb, eaed〉 .
63. Proof of Eqs. (6) and (8)
Only the proof for L will be given, as the proof for R
is completely analogous. Eq. (6) is proved as follows:
(
Ση
L|a
)c
d =
(
ηΣTL|aη
)c
d = (η)
c
e
(
ΣTL|a
)e
f (η)
f
d
= ηce
(
ΣL|a
)f
eηfd = η
ce
〈
ef , eaee
〉
ηfd
= 〈ed, eae
c〉 ,
which, using the completeness relation 〈x, ea〉 〈e
a, y〉 ≡
〈x, y〉, implies that
(
Ση
L|aΣL|b
)c
d ≡
(
Ση
L|a
)c
e
(
ΣL|b
)e
d
= 〈ee, eae
c〉 〈ee, ebed〉
= 〈eae
c, ebed〉 ,
which implies that
([
ΓL|a,ΓL|b
]
η+
)c
d =
(
Ση
L|aΣL|b +Σ
η
L|bΣL|a
)c
d
= 〈eae
c, ebed〉+ 〈ebe
c, eaed〉
= 〈ea, (ebed) e
c〉+ 〈(ebe
c) ed, ea〉
= 〈ea, (ebed) e
c + (ebe
c) ed〉
= 2 〈ea, eb〉 〈e
c, ed〉 = 2ηab (14)
c
d.
Eq. (8) follows directly from the second equation in the
proof above for Eq. (6), and the defining equation of
ΣL|ab and ΣR|ab, Eq. (7).
4. Proof of Eq. (9)
Using Eqs. (3a) and (8):
−4iΣ∗L|ab =
(
Γη
L|aΓL|b − Γ
η
L|bΓL|a
)∗
= η
(
Γ∗L|a
)T
ηΓ∗L|b − η
(
Γ∗L|b
)T
ηΓ∗L|a
= ηΓTR|aηΓR|b − ηΓ
T
R|bηΓR|a
= 4iΣR|ab.
Using Eq. (8):
4iΣTX|ab =
(
Γη
X|aΓX|b − Γ
η
X|bΓX|a
)T
= ΓTX|bηΓX|aη − Γ
T
X|aηΓX|bη
= η
(
Γη
X|bΓX|a − Γ
η
X|aΓX|b
)
η
= −4iηΣX|abη.
The remaining assertion, Eq. (9c), readily follows from
the matrix identity M† ≡ (M∗)
T
≡
(
MT
)∗
.
5. Proof of Eq. (10)
To compactify the calculations, the subscript X | has
been dropped throughout. Consider the expression
ΓηaΓbΓ
η
cΓd. Using fourfoldly Eq. (6) to move Γ
η
aΓb
through ΓηcΓd, it follows that
[ΓηaΓb,Γ
η
cΓd] = 2ηacΓ
η
dΓb − 2ηadΓ
η
cΓb
+ 2ηbcΓ
η
aΓd − 2ηbdΓ
η
aΓc.
Using fourfoldly this result in the expression
−16 [Σab,Σcd] =
[
[Γa,Γb]η− , [Γc,Γd]η−
]
= [ΓηaΓb,Γ
η
cΓd]− [Γ
η
aΓb,Γ
η
dΓc]
− [ΓηbΓa,Γ
η
cΓd] + [Γ
η
bΓa,Γ
η
dΓc] ,
collecting identical terms, and using again Eq. (6), yields
−16 [Σab,Σcd] = −4ηac [Γb,Γd]η− + 4ηad [Γb,Γc]η−
+ 4ηbc [Γa,Γd]η− − 4ηbd [Γa,Γc]η− ,
from which the result follows.
Remark The proof is completely analogous to the proof
of the assertion that − i
4
[γa, γb], where γa are the Dirac
matrices obeying 2ηab14 = {γa, γb}, are generators of
Spin (3, 1). That is the main reason for introducing above
the (anti)commutator-like brackets [·, ·]η±.
6. Proof of Eq. (11)
Only the proof of Eq. (11a) will be given, as the proof
of Eq. (11b) is completely analogous. Using ea = −δabe
b:
(
Ση
L|a
)c
d =
(
ηΣTL|aη
)c
d = (η)
c
e
(
ΣTL|a
)e
f (η)
f
d
= ηce
(
ΣL|a
)f
eηfd = η
ce
〈
ef , eaee
〉
ηfd
= 〈ed, eae
c〉 = 〈ed, e
cea〉 = 〈e
c, eaed〉
= −δab
〈
ec, ebed
〉
= −δab
(
ΣL|b
)c
d,
which, using Eq. (5), implies that
4i
[
ΓL|a,ΣR|cd
]
=
[
ΓL|a,
[
ΓR|c,ΓR|d
]
η−
]
= ΓL|aΓ
η
R|cΓR|d − ΓL|aΓ
η
R|dΓR|c
− Γη
R|cΓL|aΓR|d + Γ
η
R|dΓL|aΓR|c
=
(
ΓL|aΓ
η
R|c − Γ
η
R|cΓL|a
)
ΓR|d
−
(
ΓL|aΓ
η
R|d − Γ
η
R|dΓL|a
)
ΓR|c
= −δce
[
ΓL|a,Γ
R|e
]
ΓR|d
+ δde
[
ΓL|a,Γ
R|e
]
ΓR|c = 04.
77. Proof of Eq. (13)
Only the proof of Eq. (13a) will be given, as the proof
of Eq. (13b) is analogous. Using Eq. (3c):
(
Γη
X|aΓX|b
)†
= Γ†
X|b
(
Γ†
X|a
)η
= ΓX|bΓ
η
X|a,
which, using Eqs. (6) and (8), implies that (where to
compactify the calculations, the subscript X | has been
dropped throughout)
4i
(
Σ†abΓ
c − ΓcΣab
)
= Γa [2δ
c
b14 − (Γ
c)η Γb]− Γ
cΓηaΓb
− Γb [2δ
c
a14 − (Γ
c)η Γa] + Γ
cΓηbΓa
= 2δcbΓa − [Γa (Γ
c)
η
+ ΓcΓηa]Γb
− 2δcaΓb + [Γb (Γ
c)η + ΓcΓηb ]Γa
= 2δcbΓa − [Γ
c,Γa]
†
η+ Γb
− 2δcaΓb + [Γ
c,Γb]
†
η+ Γa
= 4 (δcbηad − δ
c
aηbd)Γ
d
= −4i
(
ΣV |ab
)c
dΓ
d.
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